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SELBERG ZETA FUNCTION AND
HYPERBOLIC EISENSTEIN SERIES.
THE´RE`SE FALLIERO
1. Introduction
The relation between the geometric and the spectral properties of a Rie-
mann surface (e.g., volume, periodic geodesics,etc., among the geometric
objects, and eigenvalues, resonances, automorphic functions, etc., among
the spectral entities) is an important subject with a long, rich history.
Here we consider a family of degenerating hyperbolic surfaces of finite
type (Sl) with one or more non separating geodesics or geodesics of a funnel
being pinched.
The aim of the paper is to study the behavior of the hyperbolic Eisenstein
series of (Sl) through degeneration, on the left of the critical axis {s ∈
C,Re s = 1/2} and more precisely for Re s > 0. For purposes of illustration,
it is desirable to restrict ourselves to the weight 0 case. We plan to devote
one later paper to a treatment of more general weights.
Because of the behavior of the eigenvalues through degeneration (see [8]),
it is not possible to define a good notion of convergence for hyperbolic Eisen-
stein series in any domain that intersects the critical axis (at least if the sur-
faces Sl are compact). To overthrow this problem we consider the product
of Zeta function and hyperbolic Eisenstein series which gives a holomorphic
function on Re s > 0 (except eventually at s = 1/2).
More precisely, first of all, without loss of generality we suppose to have
only one pinching geodesic cl of length l. Let Zl(s) be the Selberg Zeta
function of Sl, zl(s) = Π
∞
k=0(1 − e
−(s+k)l)2, well defined for Re s > 0 and
El(z, s) the hyperbolic Eisenstein series associated to cl.
Let denote by
E∗l (z, s) =
Zl(s)
zl(s)
1
ls
El(z, s)
We know by ([12] and [3]) that the family (E∗l (z, s))l converge on every
compact of Re s > 1/2 and Sl to
(1) Z0(s)(E∞(z, s) +E0(z, s)) in the separating case,
(2) Z0(s)E∞(z, s) in the funnel geodesic boundary case.
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1
MAIN THEOREM
(1) In the finite volume case
• the scattering matrix converge for Re s > 0,
• the Eisenstein series also
• the family of weighted hyperbolic Eisenstein series ( 1
ls
El(z, s))l
converge to 0 on 0 < Re s < 1/2,
• the family (E∗l (z, s))l doesn’t converge on Re s > 0,
• if moreover the Sl are non compact, then the weighted Selberg
Zeta function
Zl(s)
zl(s)
, doesn’t converge on 0 < Re s < 1/2.
(2) In the infinite volume case
• for Re s > 1/2, the determinant of the scattering matrix τl(s),
tends to
1
2 sin2 pi2 s
as l tends to 0,
• the weighted Selberg Zeta function doesn’t converge on 0 <
Re s < 1/2,
• the family of weighted hyperbolic Eisenstein series ( 1
ls
El(z, s))l
converge to 0 on 0 < Re s < 1/2,
• the family (E∗l (z, s))l converge for Re s > 0.
Remark 1.1. (1) In particular we answer a remark of Schulze ([12],
p.122),
(2) we can also note the parallele with his result ([12], Theorem 40).
2. Notations
We recall here, briefly, some notations.
Here we consider a family of surfaces Sl = Γl\H degenerating to the sur-
face S0 with only one geodesic cl being pinched, Γl containing the transfor-
mation σl(z) = e
lz corresponding to cl. Many mathematicians investigated,
by various parameterizations, degeneration of hyperbolic surfaces and the
asymptotic behavior of several functions. Basically those various parame-
terizations turn out to be almost the same powerful tools. We will describe
in details, the equivalence of three of them (see [4],[12],[14]).
Here, we will opt, as definition of the hyperolic Eisenstein series, that
which one can find in [9]. Let δl be the exponent of convergence for Γl, then
for Re s > δl:
El(z, s) =
∑
〈σl〉\Γl
sins(θγz) .
The Selberg Zeta function is defined for Re s > δl by an absolutely con-
vergent product
Zl(s) = Πcz(lc, s), where z(lc, s) = Π
∞
k=0(1− e
−(s+k)lc)2 .
The first product ranges over the set of all unoriented, primitive, closed
geodesics c of the surface, where lc denotes its length.
Recall the definition of the (classical) Eisenstein series. The stabilizer of
a cusp a is an infinite cyclic group generated by a parabolic motion,
Γa = {γ ∈ Γ : γ a = a} = 〈γa〉 ,
say. There exists a σa ∈ SL2(R), called a scaling matrix of the cusp a, such
that σa∞ = a, σ
−1
a
γaσa =
(
1 1
0 1
)
. σa is determined up to composition
with a translation from the right. The Eisenstein series for the cusp a is
then defined by
Ea(z, s) =
∑
Γa\Γ
y(σ−1
a
γz)s ,
where s is a complex variable with Re s > δl.
3. The compact case
We return to the case of a family of compact Riemann surfaces and we
show
Proposition 3.1. The weighted hyperbolic Eisenstein series for 0 < Re s <
1/2 converge to zero.
What can leave us pressing the result are the following facts:
(1) The family ( 1
ls
El(z, s))l is bounded on 0 < Re s < 1/2. To show this,
the method used for Re s > 1/2 (see [2]) applies directly.
(2) The residus at the s ∈]0, 1/2[ corresponding to small eigenvalues
tend to zero.
(3) The scalar product 〈 1
ls
El(z, s),
1
l1−s
El(z, 1− s)〉 tends to zero with l.
Sketch of the proof. We use the formula ([4] (99)) that connects in particu-
lar for any fuchsian group the hyperbolic Eisenstein series to the following
integral of the kernel of the resolvent
∫ el
1
Gs(z, iy
′, l)d ln y′ .
Now in the compact case we have Gs = G1−s, so we obtain for 0 < Re s <
1/2,
(1) El(z, s) = El(z, 1 − s) +O(El(z, 2 − s)) +O(El(z, s + 1)),
then dividing by 1/ls and using the known results on the convergence of
hyperbolic Eisensteins series we have the result. 
Remark 3.1. We can also notice the formula in [10] proposition 11.
When Sl is compact, you have to give a sense to the convergence of
( 1
ls
El(z, s))l) on a domain that intersept Re s = 1/2 because the eigenval-
ues of Sl cluster at every point of the continuous spectrum [
1
4 ,+∞[ of S0
as l → 0 (see for example [8]). To remove this problem we multiply the
hyperbolic Eisenstein series by the Selberg Zeta function to obtain a family
of holomorphic functions on Sl.
Corollary 3.1. The quotient E∗l (z, s) =
Zl(s)
zl(s)
1
ls
El(z, s) cannot converge for
0 < Re s < 1/2 as l → 0.
To see this, from the preceding study (1) , 1
ls
El(z, s) = O(l
1−2s) on 0 <
Re s < 1/2. Moreover we know (see [13]) that on 0 < Re s < 1/2,
Zl(s)
zl(s)
=
Zl(1− s)
zl(1− s)
O(l4s−2) .
Then Zl(s)
zl(s)
1
ls
El(z, s) = O(l
2s−1). Simply observe that for 0 < Re s < 1/2
and l → 0 the factor l2s−1 is divergent.
4. The non-compact finite volume case
Here again we show that ( 1
ls
El(z, s)) tends to zero with l on 0 < Re s <
1/2. For this purpose we will follow the same method as the preceding case.
Doing this we will find again the convergence of the scattering matrix in
the finite volume (non compact) case on every compact of Re s > 1/2\{s1, ..., sn},
where the sj correspond to the small eigenvalues of the limit surface and
this will enable us to lift a condition of Schulze
Remark 4.1. The quotient
Zl(s)
zl(s)
cannot converge for Re s < 12 as l → 0.
In this case we have the existence of cusps on Sl and Eisenstein series
associated to them. Without loss of generality we can assume that there is
only on cusp p with Elp(z, s) the associated Eisentein series. The resolvent
is no more symetric and we have the relation
Gs(z, iy
′) = G1−s(z, iy
′)−
1
2s− 1
Elp(z, s)E
l
p(1− s, iy
′) .
Hence we have for 0 < Re s < 1/2
∫ el
1
Gs(z, iy
′, l)d ln y′ =
∫ el
1
G1−s(z, iy
′, l)d ln y′−
1
2s− 1
Elp(z, s)
∫ el
1
Elp(1−s, iy
′)d ln y′ .
Now we have the convergence of (Elp(1− s, iy
′))l (see [11] for Re s > 1, [12]
and [6] for Re s > 1/2) and
1
ls
∫ el
1
Elp(1− s, iy
′)d ln y′ = O(l1−s) .
To control Elp(z, s) for 0 < Re s < 1/2, we use
Elp(z, s) = ϕl(s)E
l
p(z, 1 − s)
Now for Re s < 1/2, Re(1 − s) > 1/2, ϕl(s) = 1/ϕl(1 − s), as a family
of meromorphic function, tends to 1/ϕ0(1 − s) = ϕ0(s) (see for example
[6], [12]). Then in the same manner, Elp(z, s) for 0 < Re s < 1/2 tends to
E0p(z, s).
In conclusion, from the preceding study,
Proposition 4.1. 1
ls
El(z, s) = O(l
1−2s) on 0 < Re s < 1/2.
We then have a relation between Zl(s) and Zl(1− s) in the finite volume
and non compact case (see for example [5]) that allows us to answer the
remark in the same manner as in the compact case. Then Zl(s)
zl(s)
1
ls
El(z, s) =
O(l2s−1)
Corollary 4.1. The quotient E∗l (z, s) =
Zl(s)
zl(s)
1
ls
El(z, s) cannot converge for
0 < Re s < 1/2 as l → 0.
Remark 4.2. In the finite volume case, looking at the particular point s =
1/2, we could already conclude that the convergence of the family Zl(s)
zl(s)
1
ls
El(z, s)
to the desired series is not true in general: in the case Z0 has a pole at
s = 1/2 which occurs when twice the dimension of the 1/4 eigenvalue space
minus 1/2(TrI − Φ(1/2)) < 0.
5. The infinite volume case
For the remainder of this section, assume, for simplicity, that Γ is a Fuch-
sian group of the second kind whose fundamental domain D has no cusps
and only one free side D ∩ R = [1, el] corresponding to the cyclic subgroup
generated by σl(z) = e
lz. The corresponding funnel is denoted by Fl.
Here also, we adapt the notations in Borthwick [1].
The Poisson operator is the map
ESl(s) : C
∞(∂Sl) −→ C
∞(Sl)
which maps f ∈ C∞(∂Fl) to
EF (s)f(ρ, t) =
∫ l
0
Efl(s; ρ, t, t′)f(t′) dt′ ;
where
Efl(s, z, t′) = (1− 2s) lim
ρ′→0
ρ′
−s
Gs(z, z
′) ;
and Sl(s) is the corresponding scattering matrix. The funnel scattering
operator SFl is defined in the same way.
The relative scattering determinant τSl(s) is a Fredholm determinant.
Slrel(s)− I is a smoothing operator, with S
l
rel(s) = SFl(1− s)Sl(s).
τSl(s) = detS
l
rel(s) = Π
∞
k=1
(
1 + λk(S
l
rel(s)− I)
)
where λk(S
l
rel(s)− I) are the eigenvalues of Al := S
l
rel(s)− I.
Theorem 5.1. For Res > 1/2 we have
τSl(s)→
1
2(sin pi/2s)2
, l → 0, .
Sketch of the proof. We have τSl(s) =
∑∞
k=0 tr Λ
kAl.
To estimate the preceding traces, we use Fourier expansion in [4], p.12
and the following result is used in particular ([1]).
The fk, where fk(t) = e
2ipikt, are eigenfunctions of SFl(s),
SFl(s)fk = γk(s)fk,
with eigenvalues
γk(s) =
Γ(12 − s)Γ(
s+1+k¯
2 )Γ(
s+1−k¯
2 )
Γ(s− 12)Γ(
2−s+k¯
2 )Γ(
2−s−k¯
2 )
where k¯ = i2kpi
l
.
In the crowd we will obtain results of convergence of the scattering matrix
as well as the Eisenstein series corresponding to the funnel Fl for Re s >
1/2. 
We know by Schulze that the quotient Zl(s)
zl(s)
converges to the Zeta function
of the limit surface S0 if Re s > 1/2. By the preceding theorem we can see
that it is no more true in any domain that intersects {s ∈ C,Re s < 1/2}
Corollary 5.1. The quotient
Zl(s)
zl(s)
cannot converge for Re s < 1/2 as l →
0.
Sketch of the proof. We have ([1])
τSl(s) = c
ZSl(1− s)
ZSl(s)
(
G∞(s)
G∞(1− s)
)−χ(Sl) ZFl(1− s)
ZFl(s)
c = τSl(1/2) then |c| = 1.
Then for Re s > 1/2
Zl(1 − s) =
1
c
(
G∞(s)
G∞(1− s)
)χ(Sl) ZFl(1− s)
ZFl(s)
τSl(s)Zl(s)
Let’s verify that
ZFl(1− s)
ZFl(s)
= O(l2s−1) .
Moreover
zl(1− s) = l
4s−2zl(s)
and so
ZFl(1− s)
zl(1− s)
= O(
1
l2s−1
)
ZFl(s)
zl(s)
.
We are going to see that, like in the finite volume case
Proposition 5.1. For 0 < Re s < 1/2,
1
ls
El(z, s) = 0(l
1−2s).
With this result we may hope the convergence of E∗l (z, s) below Re s =
1/2.
Sketch of the proof. We can write
Gs(z, w) −G1−s(z, w) =
1
1− 2s
∫ l
0
Efl(1− s, z, t′)Efl(s,w, t′) dt′ .
Using Fourier expansion in [4], we obtain
1
l
∫ l
0
Efl(1− s, z, t′)Efl(s,w, t′) dt′ ∼
1
ls
and the result, namely:
1
ls
El(z, s) = 0(l
1−2s). 
Now, unlike the finite volume case, for 0 < Re s < 1/2,
Zl(s)
zl(s)
= O(
1
l1−2s
),
we deduce
Theorem 5.2. The family (E∗l (., s))l converges uniformly on compact sub-
sets of S0 and {Re s > 0} to Z0(s)E∞(., s).
Sketch of the proof. We know by ([12] and [3]) that the family (E∗l (z, s))l is
bounded on Re s > 1/2. From the preceding theorem, it’s also bounded on
{0 < Re s < 1/2}. Then by Phragme´n-Lindelo¨f method (see for exemple
[7]), it’s bounded on Re s > 0 and by Vitali’s theorem we have the result. 
From this study we hope to obtain some applications on the spectrum of
the Laplace operator.
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